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Abstract Given a multifractal spectrum, we consider the problem of whether it is possible
to recover the potential that originates the spectrum. The affirmative solution of this problem
would correspond to a “multifractal” classification of dynamical systems, i.e., a classifica-
tion solely based on the information given by multifractal spectra. For the entropy spectrum
on topological Markov chains we show that it is possible to have both multifractal rigidity
and multifractal “nonrigidity”, by appropriately varying the Markov chain and the potential
defining the spectrum. The “nonrigidity” even occurs in some generic sense. This strongly
contrasts to the usual opinion among some experts that it should be possible to recover the
potential up to some equivalence relation, at least in some generic sense.

Keywords Multifractal analysis - Multifractal rigidity

1 Introduction

Roughly speaking, the theory of multifractal analysis studies the complexity of the level
sets of invariant local quantities obtained from a dynamical system. For example, we can
consider Birkhoff averages, Lyapunov exponents, pointwise dimensions, or local entropies.
Since the level sets of these quantities are rarely manifolds, in order to measure their com-
plexity it is appropriate to use quantities such as the topological entropy or the Hausdorff
dimension. This gives rise to several multifractal spectra, such as entropy spectra and di-
mension spectra. On the other hand, the theory of multifractal analysis is closely related to
the experimental study of dynamical systems. In particular, the multifractal spectra can be
determined experimentally with an arbitrary precision. Furthermore, the multifractal spectra
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contain information about the dynamical system that may perhaps be used to recover the
dynamics, probably not completely but at least in some equivalence class. We refer to this
question as a multifractal rigidity problem. The theory of multifractal rigidity asks in par-
ticular whether it is possible to use the multifractal spectra to restore the dynamics, again
perhaps up to some equivalence relation, such as cohomology or conjugation by automor-
phisms. We refer to [4] for a related discussion.

Our main objective is to show that, for the model class of topological Markov chains, both
the phenomena of multifractal rigidity and multifractal “nonrigidity” do occur. One of the
main problems of multifractal rigidity is how to effectively recover the local characteristics
of the system, if possible providing some appropriate algorithm. There was some hope that
this could perhaps be effected for a large class of multifractal spectra and several model
classes of hyperbolic dynamical systems. This was supported by former work in [1, 2, 5].
Nevertheless, we will give explicit examples of topological Markov chains for which there
is no multifractal rigidity, even in some generic sense.

In order to briefly describe our results rigorously we recall the notion of entropy spec-
trum (see Sect. 2 for details). We consider topologically mixing one-sided Markov chains
(ZX, o), associated to a p X p transition matrix A with ZX cil,..., p}N, where o is the
shift map. Given a function ¢: £ — R, the entropy spectrum of ¢ is defined by

n—1
E(a)zh(a | ix exyt :)L“Qo,llzw(a"x)za}),

k=0

where h(f|Z) is the topological entropy of f on Z (notice that Z need not be compact;
see for example [4] for the definition). For a class of hyperbolic dynamical systems and a

class of sufficiently regular functions (such as Holder continuous functions) it is possible to
show that:

1. the domain of £ is an interval that may reduce to a single point;

2. & is either a delta function, or is analytic and strictly convex (this last alternative occurs if
and only if ¢ is not cohomologous to a constant, in which case the domain is not a single
point; see (7) below).

We refer to [4] for details and references. The main objective of the theory of multifractal
rigidity is to recover as much information as possible about the function ¢ from the entropy
spectrum &, at least up to some equivalence relation. We will say in this paper that two
functions ¢ and ' are equivalent if

goT—Y =uoo —u-+c (€9

for some automorphism 7: £} — X7, continuous function u: £} — R, and constant ¢ € R
(see Sect. 2.2 for a detailed discussion).

We can now briefly describe our results. Namely, with respect to the equivalence relation
in (1) we show the following:

1. For a function ¢ constant on cylinders of length 2 in Zj C {1, 2}" there is a strong
multifractal rigidity. Namely, we show that it is possible to completely characterize the
equivalence class of ¢ from the entropy spectrum, except from a particular spectrum for
the full topological Markov chain (in which case there are three possible equivalence
classes). See Sect. 4.2.

2. For a function ¢ constant on cylinders of length 2 in E:{ C {1,2, 3}V, and certain tran-
sition matrices A, there is no multifractal rigidity, even in some generic sense. Namely,
we show that it is impossible to completely characterize the equivalence class of ¢ from
each entropy spectrum, except those spectra in a well-identified family. See Sect. 5.
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We also describe appropriate procedures that allow us to obtain explicitly the equivalence
classes determining a given spectrum.

The content of the paper is as follows. Section 2 contains several basic notions, including
a discussion of the equivalence relation in (1). In Sect. 3 we introduce the class of locally
constant functions, and describe some of its properties. Section 4 is dedicated to the study
of multifractal rigidity, particular for locally constant functions on cylinders of length two
on Markov chains with two symbols. In Sect. 5 we discuss the phenomenon of multifractal
“nonrigidity” for locally constant functions on Markov chains with three symbols.

2 Entropy Spectrum of Gibbs Measures
2.1 Entropy Spectrum

Let f: X — X be a continuous map on a compact metric space. Let also ¢ be an f-invariant
probability measure on X. Given a finite measurable partition £ of X, we define the local
entropy of 1 at the point x € X by

1
hy(f.6.3) = lim —~ log (&, (x).

whenever the limit exists, where &,(x) is the element of the partition &, = \/Z;é f%& con-
taining x (mod 0). We define the entropy spectrum (for the local entropies) of u by

E@)=h(flix e X h,(f. & x)=a}).
Let A be a p x p matrix whose entries a;; are either O or 1, and let
EX ={(ir--+) e{l, ...,p}N S @iy, = 1 forevery k > 1}.

The associated shift map o: X} — X7 is called a topological Markov chain. We always
assume that there is a positive integer k such that all entries of A* are positive (this happens
if and only if 0| =7 is topologically mixing). We also consider the distance in £ given by

+00
d(iria-, jija--) = Y27 lix — jil- 2

k=1

Given a continuous function ¢: ZX — R, a measure it on Ej is called a Gibbs measure for
@ if there exist constants Dy, D, > 0 such that

M(Cilwin)

1= P <D,
exp(—nP(p) + D ;= ¢(cfw))
for every w = (ii,---) € £} and n € N, where
Ci]---i,, ={(]1]2) € E:ij=l'k for k = 1,...,1’1} (3)

(these sets are called cylinders), and P (¢) is the topological pressure of ¢ with respect to .
We recall that each Holder continuous function ¢ has a unique o -invariant probability Gibbs
measure [ = [, Which coincides with the unique equilibrium measure for ¢.
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We have the following description of the entropy spectrum of a Gibbs measure. Consider
the function 7:R — R defined by

T(q) = P(qp) —qP(p). “

Proposition 1 (see [4]) Let u = p, be the equilibrium measure of a Holder continuous
function ¢ on T}

1. The function T is real analytic and satisfies T'(q) <0 and T"(q) > 0 for every g € R.
Moreover, T (0) = h(U|EX) and T(1) =0.

2. The range of the function a = —T' is the interval [a, as], where a; = a(+00) and
oy = a(—00). It coincides with the domain of the function £.

3. We have E(a(q)) =T (q) + qa(q) for every q € R.

4. If i is not the measure of maximal entropy, then T and & are real analytic and strictly
convex.

It follows from properties 3 and 4 that the functions 7 and £ form a Legendre pair. In
particular, T can be recovered from £ and vice-versa, i.e.,

£(@) = inf (T(q) +q) )
qeR
and
T(g) = sup (£(a) — qa). (6)
aeRt

2.2 Equivalence Classes of Potentials

Given a Holder continuous function ¢, we would like to recover as much information as
possible about the function from the entropy spectrum of its Gibbs measure. This is one of
the main problems in the theory of multifractal rigidity (see [1]). Clearly, we cannot expect
recovering the function ¢ itself since for example ¢ and ¢ + ¢, for any constant ¢ € R,
have the same Gibbs measure. We consider instead certain equivalence classes of potentials
and our problem becomes to characterize the equivalence class corresponding to a given
multifractal spectrum.

Two functions ¢, ¥: 1 — R are said to be cohomologous if there exist a continuous
function u: £} — R and a constant ¢ € R such that

¢o—Y=uooc—u-c. @)

Cohomologous functions have the same Gibbs measures, and thus their entropy spectra are
also the same.

We denote by Aut(ZX) the family of automorphisms of (X}, o), that is, the homeomor-
phisms 7: £7 — X7 such that 7 o 0 = o o 7. We show that if two functions are related by
an automorphism, then the entropy spectra of their Gibbs measures coincide.

Proposition 2 Let (X1, o) be a topologically mixing Markov chain, and let @1, ¢;: ZX —R
be continuous functions. If g, = @, o T for some automorphism t € Aut(Z}), then

P(qp1) = P(qe) for any q € R, (8

and thus the entropy spectra of the Gibbs measures of ¢, and @, are equal.
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Proof Given a o -invariant probability measure v on £} we define a new measure on T}
by v (C) = v(z(C)) for each measurable set C. Clearly, v, is also a o -invariant probability
measure. We can easily verify that &, (0, &) = h,_ (o, T~'£), and thus &, (o) = h,_(0). We

also have
/ gozdvrzf ((plor)d(uor):/ @1dv,
=t =t =t

A

and hence, for every g € R,
hv(o)+q/ gmdv:hv,(quf prdv,.
=i =i

By the variational principle for the topological pressure, we conclude that the identity (8) is
satisfied for any g € R.
In order to show that the entropy spectra are equal we notice that

Ti(q) :=P(qe1) — qP(p1) = P(qpz) — q P(p2) =: Tr(q).

By Proposition 1, the entropy spectra of the Gibbs measures of ¢; and ¢, are respectively
determined by the functions 7} and 7, (see (5)). Thus the spectra are equal. O

Due to the above observations, we can only discuss the multifractal rigidity problem of
recovering ¢ from its spectrum £ up to certain equivalence classes. To be precise, we say that
two functions ¢y, ¢;: Zj{ — R are equivalent if ¢, and ¢, o T are cohomologous for some
automorphism 7 € Aut(X}). We emphasize that in each of the corresponding equivalence
classes any two functions have the same entropy spectrum.

3 Locally Constant Functions

A function ¢: £} — R is said to be locally constant if there exists k € N such that ¢|C;, .;,
is constant for every iy,...,ix € {1,..., p} (see (3) for the definition of C;,..;;). We de-
note by LC(k) the set of locally constant functions for a particular k. We will say that an
equivalence class of functions C (see Sect. 2.2 for the definition) is an equivalence class of
LC(k), or simply an LC(k) equivalence class, if ¢ € LC(k) for some ¢ € C, i.e., if there is a
representative of C in LC(k).

The space LC(2) plays an important role since, as is well known, given a function
¢ € LC(k) on a topological Markov chain X1, there is a topological Markov chain E;r
equivalent to ¥ such that the image of ¢ under the equivalence is in LC(2). This shows
that it is sufficient to consider locally constant functions on cylinders of length 2.

Proposition 3 If ¢: =1 — R is a function in LC(k), then there exist a Markov chain ¥}
and a homeomorphism : ZX — E;F such that

Tooy=o0gomw and <,0071_1 e LC(2). )

Proof Although the result should be considered well-known it is hard to find a proof in
the literature. For completeness we provide a simple construction. The idea is to group the
elements of each sequence (apa; ---) € £ in blocks of length k — 1, and to obtain in this
manner a new sequence that is in a new topological Markov chain Z;;. We fix a bijection y
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between {1, ..., p}*""and {1, ..., p*~'}. For the p x p matrix A = (a;;), the p*~! x p*~!

matrix B = (b;;) has entries

=lforl=1,...,k—2,
Gyt =1forl=1,.... k=2,
and y ' (D) =y ' (JImor form =2, ... k-1,

Loifay 1616y,
by = and a,
0, otherwise.
We define the map 7 by
(oo ) = (y(ao---ap—2)y (- g—1) ).

One can easily show that 7(X}) = £;: indeed, for o = (¢j0p--+) € 1 we have
b”(a)iﬁ(a),ur] = 1, since

=l1forl=1,...,k—2,
=l1lforl=1,...,k—2,

Ayt @@y~ @@isr = Wigi-1ei
Ay V@) Dy @ @ip)ip1 = iy

Y @@ = digm1 =¥ (@@ 1)y form=2,... k—1.

Furthermore, 7: 1 — £} is a homeomorphism since it maps cylinders of £} to cylinders
of £}, and the first identity in (9) can be easily checked. Since = maps cylinders of length
k to cylinders of length 2, and ¢ € LC(k) in £}, we find that g or~! € LC(2) in =}, O

For functions in LC(2) there is an explicit expression for the topological pressure. To a
function ¢ € LC(2) we associate the p x p matrix

A(p) = (a;j exp(@|Cij)); ;- (10)

We refer to A(g) as the matrix associated to ¢, or simply the matrix of ¢. The following is
well know.

Proposition 4 If ¢ € LC(2), then P (@) =10g pa(y), where pg is the spectral radius of the
matrix B.

We will consider functions ¢ € LC(2) which are normalized, in the sense that P(¢) = 0.
By Proposition 4, these functions have a matrix A () with spectral radius equal to 1.

We now study the relations between the matrices A(g) and A(y) of two equivalent
LC(2) functions. We first introduce a family of automorphisms. For each permutation y
of {1,..., p} such that a, (), (j, = 1 whenever a;; = 1, we define an automorphism 7: £} —
=1 by

T((ai)ien) = (7 (@i))ien, (1)
and we call it a permutation automorphism.
Theorem 1 Let ¢, : EX — R be functions in LC(2). Then:
1. ¢ and ¥ are cohomologous if and only if
A(p) =€ D'A(Y)D 12)

for some positive diagonal matrix D and some constant ¢ € R;
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2. ¢ =y o T for some permutation automorphism t if and only if
Alp) =P AP (13)
for some permutation matrix P such that A= P~'AP.
Proof We begin with an auxiliary result.

Lemma 1 If ¢, ¥ € LC(2) are cohomologous, then any continuous function u that satis-
fies (7) is in LC(1).

Proof of the lemma We proceed by contradiction. If # were not in LC(1), then there would
exist sequences o = (ja---) and o’ = (o ) - --) with @, # o) such that u(or) # u(a’).
Take now By with ag,, =1, and consider the two sequences B = (Boorjaz---) and g’ =
(Boajtfy - - +) in Cpy, . Since ¢, ¢ € LC(2) we would have

o(B) =¥ (B =B — ¥ (B,
which is equivalent to

u(er) —u(e) =u(p) —u(p).

Similarly, for each n € N we would obtain sequences 8™, 8'™ ¢ C B,_1--foe; SUCh that

u(B™) —u(f'™) = u@) —u@) #0.

Since d(B™, B'™) — 0 when n — oo (see (2)), we obtain a contradiction (note that u is
continuous). This shows that u € LC(1). O

We proceed with the proof of the theorem. Assume that ¢, ¥ € LC(2) are cohomologous.
By Lemma 1 there exist a continuous function # € LC(1) and a constant ¢ € R satisfying (7).
Thus,

@|Cij — ¥ |Cij =u|C; —ulC; +c,

and this implies that (12) holds with the diagonal matrix
D = diag(exp(u|C))!_,. (14)

In the other direction, we can easily verify that if (12) is satisfied for some positive diagonal
matrix D and some constant ¢, then the functions ¢ and i are cohomologous (and satisfy (7)
with u given by (14)).

We now assume that ¢ = 1 o T for some permutation automorphism 7 as in (11). Then
@|Cij = ¥1Cy)y(j), and the matrices A(p) and A(y) are conjugated by the permutation
matrix

P = (5iy(j))£j:1, (15)

where 4 =1 if @ = B, and 8,5 = 0 otherwise. We show that A = P~ 'AP. Set B =
P~'AP. Since P~! coincides with the transpose of P, we have

P P P P
-1
bij = Y (P ialapPsi =D Y Suyrapdpy (i) = Ayiry (i

a=1 =1 a=1 =1
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where a;; and b;; are respectively the entries of A and B. If a;; = 1, then there exists w =
(ij---) € £}. The sequence t(w) = (y(i)y(j)---) isin £}, and thus a,(),(;, = 1. On the
other hand, if a, ;) (j) = 1, then there exists w' = (y (i)Y (j) - --) € ZX. Since 7 is a bijection,
there also exists w € =1 with (w) = w’. By the structure of the automorphism, we have
w = (ij --+), and thus a;; = 1. Therefore a, ), (jy = 1 if and only if a;; = 1. This shows that
bij =a;; for each i and j, and hence B = A.

In the other direction, we can easily verify that if (13) is satisfied for some permutation
matrix P such that A = P~'AP, then ¢ = ¥ o t for some permutation automorphism t
(that can be read from the entries of P as in (15)). O

We note that when the functions ¢ and v are cohomologous, the constant ¢ in (12) is
equal to P(p) — P(y). Thus, when the functions are normalized, i.e., P(¢) = P(y) =0,
we have c =0and A(p) = D~'A(W)D.

4 Multifractal Rigidity for Locally Constant Functions
4.1 LC(1) Functions on Full Markov Chains

We show that for full topological Markov chains ¥, the entropy spectrum £ of an LC(1)
equivalence class allows us to recover this class completely. This is the strongest possible
multifractal rigidity.

Theorem 2 Let (1, o) be the full topological Markov chain with n symbols and € the en-
tropy spectrum of an LC(1) equivalence class of functions. Then £ completely characterizes
the equivalence class.

Proof Let ¢ € LC(1) be an element of an LC(1) equivalence class, and write
¢|C; =loga; fori=1,...,n. (16)

Without loss of generality we assume that o; > ;4 fori =1,...,n—1, and that P(¢) =0.

By (5) and (6) we can recover £ from the function 7 in (4) and vice-versa. We show how
to determine the equivalence class of ¢ from T, which is thus equivalent to determine the
equivalence class from £. We have

o1 supc, . Sme(x
P(gp) = lim —log > e i e
il“‘im

where S,,0(x) = 37" o(c*x). Since

sup Sm(p(x) = lOg(ot,-l o 'aim)a
C

ipim

we obtain

1
P(gg) = lim —log > (o, e,

ipim

1
= lim —log(e? + - +af)" =loga? + - +a?).

m—00 m
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Therefore

T(q) =log(a] +---+a?).
In order to determine the constants «y, ..., «, from the function 7, we use the following
result.

Lemma 2 (see for example [7]) Assume that the polynomial
px)=x"+a,1x" +-+ap (17)
has roots aj, j=1,...,n,and set B = Z?Zlaf-fork € N. Then

Br +an—1Bi—1 + - +aofi—n =0, fork>n,
B +an_1Bi—1 + -+ aniy181 = —ka,_, forl<k=n.

Set B =oe'l‘ + .- +oc,’j =expT (k) for k=1,...,n, with o, ..., @, as in (16). By
Lemma 2, we have

—Qp—1 = /31,
—2(1,1_2 = /32 + all—lﬂls
—3(1,1_3 = /33 + an—2/32 + an—3,317 (18)

—hap = ﬂn +an—lﬂn—l + - +alﬂl-

These relations allow us to determine the coefficients ay, ..., a,—; of the polynomial p(x)
in (17). To determine ¢ and hence its equivalence class we only need to compute the roots
oy, ..., a, of the polynomial. O

We note that the proof of Theorem 2 provides an algorithm to determine the LC(1) equiv-
alence class of functions with a given spectrum on a full topological Markov chain (X}, 0):

1. compute By =expT (k) for k =1,...,n, and use the identities in (18) to compute
ap, ..., dp—1;
2. compute the roots ¢y, ..., a, of the polynomial p(x) in (17);

3. the required LC(1) equivalence class contains the function ¢ € LC(1) satisfying (16).
4.2 LC(2) Functions on Markov Chains with 2 Symbols

We show in this section that for LC(2) functions on topological Markov chains with 2 sym-
bols there is also a strong multifractal rigidity. However, this rigidity is not as strong as the
one observed for LC(1) functions in Theorem 2.

Note that there is only three topological Markov chains with 2 symbols that are topolog-
ically mixing. One is the full Markov chain X". The other two have transition matrices

1 1 0 1
( : 0) and ( 11 ) 19)
(and these two are equivalent by a permutation of symbols). In the case of ;7 we show

that it is possible to characterize completely the LC(2) equivalence class from the entropy
spectrum, except in a particular and well-identified case in which there are three possible
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equivalence classes (see Theorem 3). We note that our result is optimal since, as we shall
see, the three classes have the same entropy spectra.

The case of Markov chains E} with a transition matrix A in (19) is considered in The-
orem 4. In that case we will show that the entropy spectrum of an LC(2) equivalence class
completely characterizes the equivalence class.

We start with the full topological Markov chain X .

Theorem 3 Let (X7, 0) be the full topological Markov chain with two symbols and let £
be the entropy spectrum of an LC(2) equivalence class of functions. Then the equivalence
class can be completely characterized from &, except when

T(q) =log(a? + (1 —a)) (20)

for some o € (0,1/2), in which case there exist three distinct equivalence classes repre-
sented by the functions with matrices (see (10))

l—-a 1-« l -« o o l -«
( o o )’ ( o l—a)’ (l—a o ) D
Proof We first notice that there always exists ¢ € LC(2) in the equivalence class defining
the spectrum & such that P(p) =0, and

@|Ciy =logayy, @|Cir =logay,, ¢|Co =0, @|Cyp =logan,

with o1; > ap;. Indeed, consider a function ¢ in LC(2) with P(¢) = 0. Take now u € LC(1)
with u|Cy, = —¢|Cy; and u|C, =0, and let

Y=¢+uoo —u.
Clearly, ¥ € LC(2), P(¥) =0, and
¥|Cay = ¢|Coy +ul|Cy —ulC, =0.
We have (see (10))
(%1 o2
Alp) = ( | an) ,
and denoting by p(gq) the spectral radius of the matrix
q q
_ (% %
Algp) = ( i a§2> , (22)

it follows from Proposition 4 that 7'(¢) = log p(q). We will consider the parameters

¢= lim T'(q), c¢= lim T'(g), and T'(0). (23)
q—>—+00 q—>—00
We first use ¢ and ¢ to determine functions that may originate the spectrum, and then we use
T'(0) to select the ones that actually can occur.
We start with an auxiliary result. We denote by M,, the family of o -invariant probability
measures on £ .
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Lemma 3 Let v € LC(2) be a function with ¥|C;; = B;; for i, j € {1,2}. Then

lim [ ¥du, =max / ¥ dv=max{Bu1, L (B2 + Bon), B}, 24)
E2

q—>+00 Pona VEMy
2
where g is the equilibrium measure of qr.

Proof of the lemma. We first show that

lim Ydu, = sup/ Ydv. (25)
=

gt Juf veMy

Let v € M, . By the variational principle for the topological pressure,
hy, (o) +/ q¥dpg > h,(0) +/ qy dv.
= =
Since h,,, (o), h,(0) <log2, dividing by g and letting ¢ — +00 we obtain

lim 1//dMqZ/ Ydv.
= =

q——+00

Since u, € M, for any g € R we thus obtain (25).

We now show that the supremum in (25) is in fact a maximum and that it is equal to
the value in the right-hand side of (24). Let v € M,. We have v(C;) = v(Cy;) + v(Cyp) as
well as

v(C1) =v(67'C) = v(Ci1) + v(Cay).
Therefore, v(Cy) = v(C>), and

/ Ydv=v(Ci)Bi1 +v(Ci2) (B2 + Ba1) + v(Cx)Baa.
=7

Let us consider the function p: R® — R given by
px,y,z) =xPu + y(Biz + Ba1) + 22,
and the compact set
B={(x,y,2)eR*:x+2y+z=1andx,y,z>0}.
Clearly,

sup / Y dv=max{p(x,y,2):(x,y,z) € B}. (26)
veMy JF

Furthermore, the maximum in (26) is attained at one of the vertices of B, namely (1,0, 0),
0,1/2,0) or (0,0, 1). Thus,

max{p(x,y,z) : (x,y.2) € B} =max{Bi1. 3(Bi2 + B21). B2}
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Letnow 8(i; - - - ix) € M, be the measure supported on the periodic point (i -« - igiy - - ig -+ +).
Setting

v =8(1), wn=36012)+521), v;=3(2)

we have
1
/wdv1=ﬁn, /wdv2=—<ﬁlz+ﬁm), /wdv3=ﬁz-
v v 2 v

This shows that the supremum in (26) is in fact a maximum. This concludes the proof of
the lemma. g

We recall that
T'(q) = / ¢ dig,
=y

(see for example [6]). Hence, by Lemma 3,

_ 1 (1

¢ = max 10ga|1,§loga|2 and ¢ =min zlogau,logazz .
Since p is the Bernoulli measure (1/2, 1/2), we have

, 1
T'(0) = Z(logan +logays +logan). 27

‘We now consider three cases:

1.
1
logay, < 3 logay, <logajy, (28)
in which case ¢ =loga; and ¢ =logay,;
2.
1
3 logay; <logas; <logayy, 29
in which case ¢ = loga; and 2¢c =logas;
3.

1
logay <logay; < > logap, (30)

in which case 2¢ =log«, and ¢ = log a;.

In the three cases two of the numbers «;, @1, and oy, are determined by ¢ and ¢, although
we are not able to say which ones. In the first case «; and «;, are determined, in the second
case o1 and «,, and in the third case «> and oy;. In order to determine the third number
(among o, )2 and ayy) we note that A(g) is a positive matrix, and thus it has a positive
eigenvalue greater in absolute value than the second one. Since the spectral radius of A(p)
is exp P(p) = 1 (see Proposition 4), the maximal eigenvalue of the matrix is thus exactly 1.
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This will be used to determine the third number. Since p4(,) = 1, we can easily verify that
the matrix A(g) must be, in each case,

Case 1 Case 2 Case 3

(=) —e)) (e ) (1 T (31)
1 e L R e 1 e

We consider the three cases and determine which values ¢ and ¢ may attain:

1. In this case ¢ < 1. Indeed, if we would have ¢¢ > 1 then the trace of A(¢) would be
greater than 2, and thus its spectral radius would be greater than 1. Furthermore, if it
would be e€ = 1 then we would have aj, = 0, which is impossible. We also have e < 1
since otherwise o1, < 0 which is again impossible. It follows from (28) that

e <(1—e)(l—e) <e¥,

which is equivalent to

C c c 2¢

ef—1+\/(1—e,)2+4(1—e7)_e(_,sl_ e 32)

2 1 —ec

2. In this case ¢ < 1. Indeed, similarly, if we would have e° > 1 then the trace of A(gp)

would be greater than 2, and thus its spectral radius would be greater than 1. Furthermore,

if it would be e = 1 then o, would be undefined. Since ¢ < ¢ we also have €€ < 1. It
follows from (29) that

which is equivalent to

_ 629
l—e“<e<1-—

. 33

— (33)

3. Proceeding as in Case 2 we find that ¢¢ < 1. Furthermore, we must have e < 1 since
otherwise «;; would be negative, which is impossible. It follows from (30) that

e2c -
<e,

le]_

1 —ec

which is equivalent to

€ —1+/(1—e)2+4(1—e)
e
5 <

<1-—e~ (34)

It can be easily verified that for e¢ > 1/2 the functions

¢ 1+ /A=t —et 2
e — 14 /( 2e)+( ) 1_16 nd 1ot
— e<

are smaller than <. Since € is smaller than or equal to some of these functions, we conclude
that for e€ > 1/2 we would have e < <, which is impossible. Thus we must have ¢ < 1/2.
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Note that for e< € [0, 1/2],

c _ — e9)? —e< %
e — 14 /(1 —e9)? +4(1 e)gl—esgl— e
2 1 —e<

with equalities when e€ = 1/2.
The three inequalities in (32-34) can be simultaneously satisfied only when

€ =1—¢" (33)

In this case we are in a situation in which it is impossible to completely recover the equiva-
lence class. Instead, we have three classes represented by the functions ¢ with matrices

Case 1 Case 2 Case 3

1 —ef e(1 —ef) 1—ef % e (1—e9H?\. (36)
1 e 1 1 —ef 1 e

When e€ = 1/2 the three matrices coincide and thus we recover a single class. When
e # 1/2 the functions are cohomologous to the ones in (21) with o = e¢. We now show
that the three functions are not equivalent although they have the same entropy spectrum.

Lemma 4 Let (X),0) be the full topological Markov chain with two symbols and
let @1, 02,03 € LC(2) be the functions with matrices respectively as in (21) for some
a € (0,1/2). Then the equilibrium measures of ¢y, @2, and 3 have the same entropy spec-
trum but the functions are not equivalent.

Proof of the lemma Computing the spectral radius of the matrices A(g¢;) we obtain
P(qp) =log(@? + (1 —a)?), i=1,2,3.

Hence, by (5), the entropy spectra of the three functions coincide.

We now show that the functions are not equivalent. Note that any t € Aut(Ez+ ) trans-
forms fixed points of ¢” into fixed points of ¢”. In particular, setting y; = (11---) and
¥, = (22---), we obtain {t(yy), t(y2)} = {y1, 2}. Thus, if two functions ¥, Y, € LC(2)
with P (1) = P(y,) are equivalent, then

{U1(v), v1(r2)} = {¥2(y1), ¥2(12)}.

Since the functions ¢;, i = 1,2,3 have the same topological pressure and the sets
{oi(y1), 0:(1n)}, i =1,2,3 are distinct, we conclude that ¢;, ¢,, and @3 cannot be equiva-
lent. O

We now assume that (35) does not occur, i.e., that e # 1 — e€. There are two possibilities:
when

_ e
l—ef<e<1— -, 37
1 —ec
we are in Case 1 or Case 2 (see (28) and (29)), and when
1+ J0—e2+4(1—e9) .
V-t oy . (38)

2
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we are in Case 1 or Case 3 (see (28) and (30)). Using the parameter 7”(0) we will determine
in which case we are, and thus we will be able to identify a unique equivalence class.
Assume first that (37) holds. In Case 1 (see (27)) we have

A0 — o1 — &) (1 — €9, (39)

and in Case 2 we have

2

A0 ezezg<1 _¢ ) (40)

1—e

If only one of these identities holds, then we identify exactly the case in which we are and
thus the equivalence class. Otherwise, when both identities in (39) and (40) are satisfied we
must have

_ _ ez‘i
e“=1—¢e¢ or e=1-—

) 41
— @1)
which are conditions at the boundary of the region of Case 2. The first identity in (41) was
already analyzed and corresponds to the situation when we obtain three equivalence classes.
When the second identity in (41) holds, the equivalence classes in Case 1 and Case 2 are
equal, and contain the function with matrix

e 2¢
- €= .
1 e<
Thus, when (37) holds, since e # 1 — ¢ we identify a unique LC(2) equivalence class that

generates the spectrum.
The situation when (38) holds is similar. Namely, in Case 1 we have

A0 — oCe(1 — %) (1 — €9), (42)

and in Case 3 we have

, B 626
O = ezfe£<1 - ) (43)
1 —ec

If only one of these identities holds, again we identify exactly one equivalence class that
generates the spectrum. Otherwise, when both identities in (42) and (43) are satisfied we
must have

0%
1—et’

e€=1—¢< or =1-— 44)

now corresponding to the boundary of the region of Case 3. When the second identity in (44)
holds, the equivalence classes in Case 1 and Case 3 are equal, and contain the function

with matrix
< o€ ey )
e .
I 11—

Thus, when (38) holds, since e # 1 — e¢ we identify a unique LC(2) equivalence class that
generates the spectrum. This concludes the proof of the theorem. O
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It follows from the proof of Theorem 3 that the case with three equivalence classes
(see (20)) occurs if and only if

exp lim T'(g) +exp lim T'(g)=1. (45)
q—>+00 q—>—00

By Proposition 1, if [«, 5] is the domain of the entropy spectrum &, the identity (45) can
be written in the form e™*! +e7%2 = 1.

The proof of Theorem 3 also provides an algorithm to determine the equivalence classes
with a given spectrum:

1. compute ¢, ¢ and 7’(0);

2. if e + €€ = 1, then we obtain three equivalence classes, represented by the functions with

matrices in (36);

if (39) holds, then the unique equivalence class is represented by the first matrix in (31);

4. if (40) holds, then the unique equivalence class is represented by the second matrix
in (31);

5. if (43) holds, then the unique equivalence class is represented by the third matrix in (31).

et

We now consider the case of the topological Markov chain £} with two symbols, with
transition matrix A = (: (')) or A= (? :)

Theorem 4 Let (X7, o) be the topological Markov chain with two symbols, with transition

matrix A = (i é) or A= ((1) 11), and let € be the entropy spectrum of an LC(2) equivalence

class of functions. Then we can completely characterize the equivalence class from the spec-
trum €.

Proof We only consider the case when A = (1 ') since the other one is entirely similar.
Let ¢ € LC(2) be an element of the equivalence class defining the spectrum & such that
P(p) =0, and

@|C1y =logay, ¢|C12 =logay, ®|C1=0
(as in the proof of Theorem 3 we can easily verify that there always exists a function ¢ with
these properties). Recall that we can compute 7' (¢) = P(q¢) from the spectrum £ (see (6)).

We proceed in a similar manner to that in the proof of Theorem 3, considering now the two
parameters ¢ and ¢ in (23). As in the proof of Lemma 3 we can show that

1 1
E:max{loga”, Elogau} and g:min{loga”, Elogau}.

We can easily verify that there are two possibilities for the matrix A(p), namely
Case 1 Case 2
e e s e (46)
1 0 1 0

Since P(¢) =0, the function ¢ is represented by a matrix with spectral radius 1, and thus
the matrices in (46) must have 1 as an eigenvalue. Therefore, in Case 1 we have

e +e=1, 47)
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and in Case 2 we have
e e =1. (48)

In order that the two identities (47) and (48) are satisfied simultaneously the number e< must
be 0, (—1+ «/g)/Z or 1. It cannot be 0, and also cannot be 1 since ¢¢ would then be 0. Thus
we must have e¢ = (—1 + /5)/2. We can easily verify that for this value of ¢< the two
matrices in (46) are equal.

To determine the equivalence class we only need to verify which of the identities in (47)
and (48) is satisfied. If (47) holds, then the equivalence class is represented by the first matrix
in (46). Otherwise, if (48) holds, then the equivalence class is represented by the second
matrix in (46). When both identities hold, as we observed above, the two matrices in (46)
are equal, and thus we obtain a unique equivalence class. Therefore, for each spectrum of an
LC(2) equivalence class there is a unique class with that spectrum. 0

The proof of Theorem 4 also provides an algorithm to obtain the LC(2) equivalence class
from the spectrum. When A = ( i (;) the algorithm is as follows:

1. compute ¢ and c;
2. if € 4 €% = 1, then the equivalence class is represented by the first matrix in (46);
3. if €% + e¢ = 1, then the equivalence class is represented by the second matrix in (46).

5 Multifractal Nonrigidity

We give in this section an explicit example of a topological Markov chain with three symbols
for which there is no multifractal rigidity, even more in some generic sense.
Let ¢ € LC(2) be a function with P(¢) = 0. Recall that by Proposition 4,

T(q) = P(q9p) =10g pagy)-
Given a square matrix A = (a;;) we consider the characteristic polynomial
pa(z,q) =det(zId—A?), (49)

where AW = (af’j). We note that if p4,) is known explicitly, then 7' can be computed
explicitly. This follows from the identity

Paw) (2, q) = det(z1d —A(p) @) = det(z1d — A(g9))

(see (22)). Thus, if we know p, () explicitly, then the entropy spectrum £ can also be com-
puted explicitly (see (5)). Nevertheless, we will see that in general the knowledge of pa ()
is insufficient to determine the equivalence class of ¢. More precisely, we will exhibit func-
tions in distinct equivalence classes that have the same characteristic polynomial, and thus
the same entropy spectrum. This shows that the knowledge of T (and thus the knowledge
of &) is insufficient to determine the equivalence class of ¢.

Theorem 5 Let (7, o) be the topological Markov chain with transition matrix

01 1
Az(l 0 1), (50)
1 10
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and let ¢, € LC(2) be functions satisfying P(p) = P(¥) = 0 with matrices

0 ap o3 0 a2 13
A((p):(l 0 a23> and AW =1 0 Lo |, (51)

1l « 0 ] %2y 0
) 23

where a1y > a3 > 33y and o303 7 aa0tr3. Then the functions ¢ and W have the same
characteristic polynomial but are not equivalent.

Proof We can easily verify that ps,) = paw) = p, where
p(z.q) =2 — (afy + oy + (@23032) )z + (@12023)! + (130032).

In order to show that the functions ¢ and i are not equivalent we first observe that
Aut( EZ) ~ §3, where S; is the permutation group of 3 elements (see Example 2.19 in [3]).
Notice that to each permutation y of {1, 2, 3} corresponds a permutation automorphism in
Aut(ZX) (see (11)). Therefore, the automorphisms of Zj are precisely the permutation
automorphisms.

We proceed by contradiction. Assume that ¢ and ¥ are equivalent, i.e., that there ex-
ist T € Aut(E:{) obtained from a permutation y as in (11), and a continuous function
u: X1 — R such that

pot=Y+uoo —u. (52)

Since ¢ and ¢ are in LC(2), the function ¢ o 7 is also in LC(2), and u is in LC(1) (see
Lemma 1). Thus we can write u|C; =logd; with d; > 0 fori = 1,2, 3. The identity (52) can
be written in matrix form as

0 di g 4 g
0 Ay(hy@)  AyyyG) L R &0
— 3
wepnm 0 waeye |=| 7 0 Faran |. (53)
Ay@Byy(l)  Ay@)y 0 4 dyap
YO QY3 4 by, 0

We note that

Oy (y @)%y @)y 1) = A12,
Oy (y 3% By (1) = %13, (54

Oy 2)y3)%y3)y(2) = 023032.

The matrix in the left-hand side of (53) can be written in the form P~!A(p)P where P is
the permutation matrix in (15). Since the set of entries of PA(p)P~! is the same as the
set of entries of A(gp), we can easily verify that the identities in (54) together with the
hypothesis 1, > @13 > ap33, imply that P is the identity matrix (and thus t is the identity
automorphism).

Indeed, if y (1) = 2 then 02y ()Ay2)2 = A12. Since an3a3; < app it cannot be y (2) = 3.
Therefore, y(2) = 1 and y (3) = 3. But from the second identity in (54) we then should have
o303 = 013, which contradicts to the hypotheses in the theorem. We can show in a similar
manner that y (1) = 3 yields a contradiction. Indeed, if y (1) = 3 then from the first identity
in (54) we would have o3, 20 (2)3 = 2. It follows from the hypotheses that it cannot be
¥ (2) = 2, and thus we must have y(2) =1 and y(3) = 2. Then the second identity in (54)
gives asan3 = o3 which contradicts again the hypotheses in the theorem. Therefore, we
must have y (1) = 1, and the first identity in (54) gives o, 2)0t, 21 = o12. If y(2) = 3 then
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we obtain o153 = o1, which is forbidden by the hypotheses. Thus we must have y (2) =2 and
y(3) = 3. This shows that y = Id, and thus t is the identity automorphism.
Equation (53) thus reduces to

d
1 0 axn & 0 293

dy dy apy *32
1 a3 0

dyz  d3 g
= S-lly 0
4 dap 23

0 di g IV
(0 o2 0513) a, 12 a3 13

This implies that d| = d, = d5 and hence u is constant. Therefore, 1 = ¢. On the other hand,
since o303 7 12003 We must have Y # @. This contradiction shows that the functions
and ¢ cannot be equivalent, contrarily to what was assumed above (see (52)). ]

We note that for the matrix A in (50) all entries of A2 are positive, and thus the associated
Markov chain is topologically mixing.

Theorem 5 tell us that given a characteristic polynomial of a generic LC(2) function,
we can only recover information that allows us to identify at least two distinct equivalence
classes. Since the function T possesses less information than the characteristic polynomial,
it could happen that using solely the information given by 7 we could in general obtain
more equivalence classes than the two above obtained from the characteristic polynomial.
However, we now show that 7' contains sufficient information to obtain exactly the two
equivalence classes.

Theorem 6 Let (X7, 0) be the topological Markov chain with transition matrix A as in
(50), and let £ be the entropy spectrum of an LC(2) function. Then there are two distinct
LC(2) equivalence classes that generate the spectrum £, except in a particular case in which
there is a unique LC(2) equivalence class generating the spectrum.

Proof We separate the proof into several steps. We start with some auxiliary results. Let
(T}, 0) be a topologically mixing Markov chain with p symbols, and let n € LC(2) be
a function with matrix A(n) = (cij)szl. Fori=1,..., p weset

Ei={cjiepy Cjingn 1 Sh < <ji<pandt € P},

where P; is the family of permutations of {ji, ..., j;}. We also set
X:max{al/i:i=1,...,pandoz€E,»}, (55)
A=min{fe :i=1,..., pand o € E;}, (56)

and let p(g) be the spectral radius of the matrix

Algm) = ()] - (57
Lemma 5 The limits
p= tim 22 i p= tim 22D (58)
g>+oo ) = go-o00 M

exist and are nonzero. Moreover, if there is only one value o'/’ equal to A (respectively, 1),
then'p = 1 (respectively, p = 1).
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Proof of the lemma The characteristic polynomial of A(n) (see (49)) is given by
p . .
P @) ="+ Y (D=1 @tz (59)
i=1 ackE;

where o () is the sign of the permutation associated to «. Since p(p(q), g) = 0, taking
7z = p(g) and dividing in (59) by p(q)? we obtain

e S e i
1+§(—1) TZO' (60)
Foreachi =1,..., p, set «; = max{« : « € E;}. Let n; be the number of times that the
maximum is attained, and let «; 1, ..., a; ,, be the elements of E; equal to «;. Then
qETOC ZaeE,;(_ql)T(a)“q _qETocZ( ])a«x,k) 0‘? _ Z( l)a(ai_quToo[(iil(;;q]l.
Thus, letting ¢ — 400 in (60) yields
e (ail/i)q i
1 +;ij13( D) (=1)7 ETOO[TC,)] =
Since
X:max{aw = 1,...,p},
denoting by J the set of integers j € {1, ..., p} such that a = we obtain
S j (k) K
L) > (=D (=17 qE‘Poo[p(—q)] =0. (61)

jel k=1

We conclude that the first limit in (58) exists and is nonzero.
If there is only one value «!// equal to A with « € E;, then J has a single element
jel{l,...,p},n; =1, and (61) reduces to

oy
1+ (=D (=1)°@) lim [—] =0.
g—>+oo| p(q)

This implies that the first limit in (58) has absolute value equal to 1. Since p(g) and X are
positive the limit is 1.

The case when g — —oo can be treated in a similar manner, by interchanging the roles
of A and A. O

The following result gives a formula for 7/(g).

Lemma 6 If p is the characteristic polynomial of A(n) (see (59)), then

9
3P0 (@), q)
T(g)=——2"""""_ p(). 62
@ P Zp(p(q). ) o ©
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Proof of the lemma We have

T(q)=logp(q) —qPm),

and thus
, r'(q)
T'q)="2 — P (63)
p(q)
Since p(p(q), q) = 0, differentiating with respect to ¢ we obtain a formula for p’(g) that
substituted in (63) yields (62). O

We now compute the limit of 7'(g) as ¢ — +oo.

Lemma 7 We have

lim T'(g)=logh— P(p) and lim T'(q) =logi — P().
q—+00 q— =00

Proof of the lemma As in the proof of Lemma 5, let n; be the number of elements « € E;
such that » = «!'/?. We continue to denote these elements by «; 1, .. ., & ,,. By Lemma 5 we
have p # 0. Since p(p(g), q) =0, it follows from (59) that

o PO@D) NSNS i et e
0=lim ==, =P +§j§( 1) (1) pr . (64)

Furthermore, it also follows from (59) that

—p(z q)—ZZ( 1) (=1)"® loger - a?z ™,

i=1 ackE;
and
—p(z q) = pz’~ 1+ZZ( 1) (- 1)"(“)(p—l)a"zp i-1
i=1 acE;
Therefore,
Lp(p(@).q) I . — .
lim 207D — 1) (=1)7 @) log (B~
AT gg( ) (=17 log ()P
kY ) (DD eipr
i=1 j=1
and
P@EP@. ) , . N
i POEEEDD e Y -
i=1 j=1
[7 ni . .
= P[ﬁ” +2o D D) (_1)(,(%,_,.)5,,,}
i=1 j=1
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p nj
=Y > =D =nenipr

i=1 j=1

P n
=— Z Z(_l)i(—l)o(a[,j)iﬁp_,-’
i=l j=1

using (64) in the last identity. It follows from Lemma 6 that

log % Y1y Y0, (= 1) (= 1)7@0ip? ™

lim T'(q) = — , , — — P(n) =logh — P(n).
B S S A0S S B ot
The case when ¢ — —oo can be treated in a similar manner. O

We now proceed with the proof of the theorem. Let £ be the entropy spectrum of an
LC(2) equivalence class. Given a function ¢ € LC(2) that generates the spectrum, in a simi-
lar manner to that in the proof of Theorem 3 we may assume, without loss of generality, that
P(p) =0, and

¢|Cip =logays, @|Cy =0, ¢|C31 =0, (65)

¢|Ci3 =logas, @|Cy3 =logans, ¢|C3 =logasz (66)

with «;p > a3 > axas,. Then the matrix A(p) is given by (51). By Theorem 5, if
o203 # o133, then the function ¢ with matrix A(yr) given by (51) has the same entropy
spectrum as ¢ but is not equivalent to ¢.

In order to obtain the functions ¢ and ¥ from &£, we analyze T (q) = P(g¢) or more
precisely its derivative T7(q).

Lemma 8 Let (X7, o) be the topological Markov chain with transition matrix A as in (50),
and let n € LC(2) be a function with n|C;; =logc;; for i # j and P(n) =0. Then the sets

S1 ={Jcnacar, c13c3n, /c23C30}, (67)

Sy = {Jciacascsr, y/ci3cican) (68)

can be determined from T'(q).

Proof of the lemma In view of Lemma 6, it follows from a straightforward computation that

_ ¥ (ciac23c31) + ¥ (cizcznean)
"~ 3p%(q) — p(@)((crcan)? + (c13¢31)7 + (c23¢32)9)
Y (ciacar) + ¥ (cizesr) + ¥cascsn)
303(q) — p(@)((c12c21)7 + (c13¢31)7 + (c23¢32)7)

T'(q)

(69)

+p(q)

where ¥ (x) = x?logx. Since p(q) is a root of the characteristic polynomial of the matrix
A(gn) (see (57)), we have

0°(@) — p(@)((c12c21)? + (c13¢31)7 + (c23¢32)1) = (c12023¢31)7 + (c13¢30021)".
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Therefore, (69) can be written in the form

T'(q) = Y (cr2c23c31) + Y (ci3cancan)

203(q) + (c1ac23c31)9 + (c13¢32021)¢
Y (cnen) + ¥ (cizcar) + ¥ (cascsr)
203(q) + (crac23e31)? + (c13¢32021)7

+0(q)

By Lemma 7, and (55), and (56), we have
¢= lim T'(q) =logmax (S;US,),
q—>+00

c= lim T'(g) =logmin(S;US,).
g——00

Since pg is the Markov measure with probability vector (1/3,1/3,1/3) and matrix A/2,
it follows from the identity

T/(CI) = / n d“’t]?ﬁ
=i

that
67'(0) = 2(log(ciaca1) + log(cizesr) +log(cascs)) (70)
= 3(log(c1zc3c31) + log(cizcsacar)).
To determine whether e € S, or not we study the function
- . [@p%(q) + € + )T (q)  3ce’™ +Kxe
V(x) = lim -
q—>+00 p(g)ad p(q)o
where ¥ = 67"(0) — 3¢. When ¢° € S,, by (70) we have S, = {e, ¢2”"© ¢} and
— . Yenaca) + Ycizes) + Y(cacsn)
V(a) = lim .
g—>+00 al
Thus, there exists V* < 0 such that
—00, O0<a<a*,
V() =14 V*, o =ao",
0, o >ar.
Setting
o :=infla : V(a) = 0}, (71)

we have a* < €% and V(a*) /loga, € N. When e ¢ S, we consider three cases, depending
on the sign of ¢ — 77(0):

1. We first assume that ¢ > T’(0). Let 7 be the number of elements in S that are equal to
%, and set
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(by Lemma 5 the limit exists and is finite). If p(z, g) is the characteristic polynomial of
the matrix A(gn), we have p(p(q), g) =0 and thus

0= lim p(p(zqz),q) — 5 — 7.
q——+00 e’

Hence p = /7 > 1. We can show in a straightforward manner that

_ _ 2 3 3cq 3¢ 3cq 1 3 —=3 —1
V(e¥) = lim [ P+ ey = 3 _ ]=<2ﬁz+:—:)z=25p .
p(g)e=d g

g—+oo|  p(q)e* 0 0
Therefore,
00, 0<a<e®,
Vie)=12@ - 1/p, a=e€*,
0, o > e,

Since 5 = +/7 we have o* = ¢*, and V(*)/log o, ¢ N.
2. The case when ¢ = T'(0) is analogous to the previous one and thus we omit the details.
In this case we can show that

00, 0<a<e®,
Vie)=12(p -2)/p. a=e€*,
0, o > %,

We have o* = %, and V(a*)/loga, ¢ N.
3. When ¢ < T’(0) we have

6T (0)=30)q

V(e)= lim —— [T'(q) — (6T’ (0) — 30)].
q——+00 pe(ﬂaq
Thus, a* = 5T’ O—4 5 2 and
00, 0<a<a*,
V()= (4c—6T'(0)/p, a=a*,
0, o> a*.

To decide whether e € S, we proceed as follows:

1. compute a* (see (71));

2. if a* > %, then e ¢ Ss;

3. If a* < €%, then e € Sy;

4. if @* = ¢’ and V(a*)/loga* € N, then e° € Sy;
5. if a* = e* and V(a*)/loga* ¢ N, then ¢ ¢ S,.
A

similar analysis to the previous one but for the function

V(e)= lim [

g——00

(203 (q) + & + )T (q)  3ce’d + ket ]
p(q)at p(q)ad

where k = 6T7(0) — 3¢, allows us to determine whether < € S, or not.
We can now determine the sets S; and S,. For S; we proceed as follows:
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1. If €€ € S, then:

(@) S, ={e", 27" ©C} and /a* occurs in S; a number of times equal to V(a*)/loga*.
If V(a*)/loga* = 3, then S| = {/a*).
(b) If V(a*)/loga* # 3, then we analyze the function

V(a*) y loga*(a*)q>

Vi(@) =V()— lim (
logor* al

q—+0o0

Letting now o] = inf{o : Vi (@) = 0} > 0 the number , /a occurs in Sy a number of
times equal to V; (a})/loga;. Thus, if

V() N Vi)
loga* = logat

3, (72)

then the set S; is determined.
(c) If (72) does not hold then we analyze the function

Vi@ osei @)

*
log o] al

Vao(a) =V (a) — lim (

q—+0o0

Letting o = inf{c : V,(a) = 0} > 0 the number /@5 is the missing element of S,
ie., S ={Va*, Jaf, /a3}.
2. If €“ ¢ S, and €€ € S,, then we proceed as in the previous case, with ¢ and V playing

respectively the roles of ¢ and V.
3. If e ¢ S, and €€ ¢ S,, then

S1 = {e°, €3T/(0)727£, <),

To determine S, we analyze the function

W(a) = lim

g——+00 ol ol

30°(q) — p(@) (€ + " + ) 20 4 yer? 4 2¢e™
T'(q) —p(q) ,
where y = 6T'(0) — 2¢ — 2¢. By (69) we have

m log(ciz2c23ca)(cracascsr)? +log(cizcsacar)(ci3cincar)?
+o0 ad ’

W)= 1
a—
Letting o* := inf{a : W(«) = 0} > 0, we obtain
§2 = (Varr, V2T O-loea'y,
This yields the desired result. O
We now complete the proof of the theorem. In view of (65) and (66), it follows from

Lemma 8 that from the function 7', and thus from the spectrum &£, we can determine the
sets S| and S, in (67) and (68). Therefore, we can also determine the sets

Ty ={an, a3, 33} and  Tr = {appoos, a3a3).
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Note that although we know these sets, we are not able to say which element of 7, corre-
sponds to «jra23.

Since a1y > o3 > a3, letting 1 = max T;, B3 = min T}, and B, the remaining ele-
ment of T, the matrix associated to the function ¢ is of the form

0 B B
1 0 pBs/x for some x > 0.
1 x 0

Letting T, = {y1, v»}, we find x from B,x =y, or fx = y,. We thus obtain two possible
matrices, namely A(¢) and A(y) in (51).

The case when we recover a unique equivalence class occurs when the elements of the
set T, are equal, i.e., when ojp0tp3 = o0j3003. Od
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